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Abstract

We have derived analytical expressions for the signal-to-interference ratio, jammer-to-
noise ratio, carrier phase error and code tracking error at the crosscorrelator output of the
code-tracking loop in a GPS receiver that uses adaptive space-time processing to cancel
interference. In the limit when the adaptive processor is absent, and al channels are
perfectly matched, these results reduce to the performance measures derived previously.
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1. Introduction

Because GPS (Global Positioning System) operation is critical for many applications,
it is necessary for receivers to operate even in hostile interference environments. That is,
in order to deny GPS operation, an adversary may use multiple jammers that radiate
interference either over the entire GPS operating bandwidth or selected portions thereof.
The GPS user must counter thisthreat. This can be done by using an antenna array that
employs space-time-adaptive [1-14] processing; this allows the GPS receiver to place
broadband antenna-pattern nulls in the directions of any interferers, while simultaneously
preserving the gain in the directions of the desired GPS satellites. In the past, a number of
measures have been used to assess adaptive antenna performance, but these measures
evaluate only the performance of the adaptive antenna and ignore end-to-end system
performance. Thisdeficiency isremedied here.
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2. Background

A GPS receiver processes signals from most (if not all) of the GPS satellitesin view.
For each satellite signal, the satellite-to-receiver delay (for precision systems, the phaseis
also estimated) is estimated, and the delays from multiple satellites are then combined to
estimate the position of the GPS receiver. In the absence of interference, this processis well-
understood [15-18]. However, when an adaptive processor is inserted into the processing
chain, the received signals from each GPS satellite may be attenuated, distorted, and shifted
in time, yielding degraded performance. Our goal is to quantify this degradation.

Let usrefer to Figure 1, where we show the code-tracking portion of a GPS receiver for
the case when an adaptive space-time processor is inserted to cancel interference. We show
radiation arriving from an arbitrary direction (6,¢) in aspherical coordinate system. This
incoming radiation is received by each of the N elements in the antenna array, downconverted
to baseband and then bandlimited using a digital filter with transfer function Hg(f), where
f denotes the baseband frequency. In the GPS Anti-Jam system block diagram, we also
include the transfer function Hy(f , 0, ¢) for each antenna and its associated analog™ hardware.
The function Hy, aso includes any uncorrected mismatch from channel-to-channel. The
voltages v1 to vy at the output of the bandlimiting filters are then fed into the adaptive
processor, which is shown in expanded form in Figure 2. The output of the adaptive filter,
consisting of desired GPS signals, residua jammer interference and noiseisthen
crosscorrelated with a stored, delayed replica of the signal s(t) that was transmitted by the
GPS satellite. In Figure 1, we show only the signal from one GPS satellite, but, of course,
there are signals present from every GPS satellite in view. Likewise, we show only the
crosscorrelator for one signal, but there are actually multiple crosscorrelators operating in
parallel, each using appropriate stored replicas for other GPS satellites. For each satellite, the
tracking loop adjusts the estimated delay T so as to match the true delay for that satellite. We
do not show the phase-locked loop that corrects for phase, but rather assume the carrier phase
of the replica has been matched to the carrier phase of the received signal.

* In practice, one tries to equalize the anal og portion of each channel across the operating bandwidth so as to
make H,, the same for all channels, but this cannot be achieved perfectly because the antennaitself has a
response that depends on (6, ¢).



We first wish to calculate the transfer function H(f, 0, ¢) for the dashed block in
Figure 1. Suppose asignal incident from the direction (6, ¢) produces avoltage
s(t—R,/c) exp[-i2nf,(t—R,/c)|, on antennan, where R(8, ¢) = X, sinBcosd
+Yy,sinBsind +z,,cosO, ¢ = the speed of light, f, = the carrier frequency, and (X,,,Yy,,Zp)
isthe location of antennan in a Cartesian coordinate system with origin at antenna 1 (which
we denote the reference antenna). After downconversion, the signal at antennanis
s(t— R, /c)expli2nf, R, /c], which has a Fourier transform(f )expli2n(f, + f )R, /c],
where f is the baseband frequency. Therefore, the Fourier transform V(f) of the voltage
Vn(t) shown in Figure 1is Hg (f)H,,(f,6,0)S(f ) expli2n(f, +f )R, /c]. If weusethisasthe
input to channel n of the adaptive filter, it isreadily seen that the overall transfer function of
the block shown dashed in Figure 1 is

N Q . R,(0,0) .
H(f,9,¢):HB(f)ZHn(f,9,¢)anqexp{|2n(fo+f)”—+|2n(q—QQ)fT}, (1)

n=1 q=1 C

where mutual coupling” has been ignored, N is the number of antennasin the array, Q isthe
number of time taps per antenna, T is the intersample period, QQ = (Q + 1)/2 and wyq isthe
adaptive weight applied to time tap g of antennan. Also, the shift by QQ is used to center
(assuming the number of taps Q is an odd number) the time origin of the adaptive filter onto
the center tap of each FIR filter. The calculation of the weights wyq has been studied
extensively elsewhere [1-14], and the reader is referred to those papers. We will smply
assume they have aready been computed.

* Although mutual coupling between antennas has been ignored, it can be included in a straightforward fashion.
Definethe vectors a' = [ ...ay], b' = [bl bQ], and the NQ x NQ weight matrix W with components Wy,
where &, = Hg(f)H(f) exp[i2n(f0 +f )/Rnc] , by = exp(i2rn(q — QQ)fT). Thenif A(f) isthe measured N x N
scattering matrix with components Any(f), it is straightforward to show that H(f,6,¢) = aT(I + A)TWb ,
where | isthe N x N identity matrix. This result is valid, provided | App| <<1 foral n, m.
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3. System Performance M easures

We will now derive a useful measure of the system performance of an adaptive GPS
receiver. Suppose asignal incident from the direction (6,¢) produces a voltage (after
downconversion) given by Ags(t —t)exp(iy) on the reference element of the antenna
array, where s(t) is arandom, unit-amplitude sequence of chips, Ag isthe rmsamplitude, tis
the delay (the quantity the GPS receiver must estimate), and v is the carrier phase, which is
also estimated by high-precision GPS systems. The Fourier transform of thissignal is
AoS(f) exp(—i2rft +iy) , where S(f) is the Fourier transform of s(t). By using Equation (1),
itisevident that at the output of the adaptive filter (i.e., at point A in Figure 1), the Fourier
transform of the total signal from all antennasis

Ug(F) = AgH(F,0,04)S(F ) exp[—i2nft +ivy], 2)

and the time-domain signal at point A is
ug(t) =Ag j df S(FYH(F, 0,0 )expli2nf (t—1) +iy]. (3)

Next, suppose a jammer located in the direction (9 0] ) produces a voltage j(t) on the

reference element. Then, paralleling the analysisin the last paragraph, it can be seen that the
total jammer voltage at point A is

uj(t) = Tdf JFYHI(F,0;,0;) exp(i2nft), (4)

—oo

where J(f) is the Fourier transform of j(t).



The system noise must be treated differently than the incoming radiation. If &, (t) isthe
noise at the input to the bandlimiting filter in channel nand I, (f) isits Fourier transform,
then the total thermal noise voltage at point A is

ug(t) = Tdf Ué(f)exp(i2nft), (5)
where
N Q
Ue(f) =Hg(f)D > wngly(f) expliznf (q- QQ)T]. (6)
n=1g=1

Thetotal voltage at point A thenis
u(t) = ug(t) +u;(t) + ug(t), (7)
where, for simplicity, we show only the voltage us from the GPS satellite of interest.

The voltage u(t) is multiplied by a stored, delayed replica s (t—7) of the transmitted
signal, which produces the following signal (the residual jamming and thermal noise will be
treated later) at the crosscorrelator output

th+To
Zy(t)= [dtug()s (t-%), (8)

th

wheret, isan arbitrary start time and T is the coherent integration time. Next substitute
Equation (3) in Equation (8) and make the transformation t'=t—1. Thisgives

Th+To oo
Zy(®) =AY [d's (t) [SEF)H(F,05.05)e > (1-2), 9)

Tn —o0



where At=1-7 and T,, =t, — 1. Wenow write S(f) in terms of itsinverse Fourier
transform, take the expectation of Zg and use the fact that for a stationary random signal

Els)s )] =pat-1), (10)

where pgs iSthe signal autocorrelation function and E[...] denotes an expectation. If thisis
done, and we recall that the signal power spectrum ®(f) isrelated to pg via

D(f) = [dn pe(n)exp(=i2nn), (12)

—o0

we finally obtain for the complex crosscorrelation function at point D in Figure 1

E[Z4(2)]=AoToe" Tdf D (f)HI(F,05,05) €274 (12)

—o0

Because s(t) has unit amplitude, it is evident that p(0) =1, so that ®(f) satisfies’
j O (f)df =1. (13)

The tracking loop estimates the delay asthe value of 7 where |[E(Zs)| isamaximum.
For ideal antennas and in the absence of the adaptive processor (i.e., H = 1), & isarea
function, so this maximum clearly occursat At =0, sothat T =1, and the delay estimate is
correct. However, when an adaptive processor is used, there is no a priori guarantee that
H(f,6,0s) isareal function when multiple jammers are present. In fact, we expect that H
will be complex. Let usseewhat thisimplies. Suppose we write

* In writing Equation (13), we have implicitly assume that the transmission bandwidth, B, of the GPS satellite

is sufficiently large that the integral from—BTT to B—ZT can be approximated by —co t0 oo,



H(f ’es’q)s) = |H(f 'es'¢s)|eXp[ia(f ,0s, q)s)] ; (14)

and then expand the phase o in a Taylor seriesas o = oy + of +0if 2 +.... Then, if we
ignore the quadratic and higher order termsin f, it can be seen that Equation (12) becomes

. i —i2nf(AT—ﬂ)
E(Zs)=AgToe "0 [df D (FIH(F,05.05)e 2n). (15)

—o0

By examining Equation (15), the following points are evident: 1) there is a carrier phase
error because the carrier phaseis now (y + a.y) instead of the correct value, y, and 2) the
maximum of |E(Zs)| now occursat At— o /2n=0, or a ©=1-0y/2r, so that thereisan
error o /2 in the estimated delay.

In order to correctly calculate the error in the estimated delay and the carrier phase error,
it is necessary to return to Equation (12), take its absolute value and then find" the value of
At where |E(Z;)| isamaximum. Let us denote this value by Ato. Then the peak signal
power at the crosscorrelator output is given by

2
Prax = (AgTo)? | [df @(F)H(F,05,05) €71274%0] (16)

—oo

and the carrier-phase error then is

[0 @ (Y, 65,05)|sin(o: - 2nfATy)
Ay = tan | == . (17)
[ df D(F)H(f,65,05)| coslo - 2nfATy)

—oo

where o.(f,0,0s) isdefined in Equation (14).

* In practice, this needs to be done numerically, and there is no simple analytical result for Atg.



We next need to calculate the expectation of the residual jammer power at the
crosscorrelator output (point D in Figure 1). By paralleling the analysis used to compute
E(Z,), we can show that

2 T 2
e(|2°)=To [of @) ot HE 0,0,)" (18)
where ® i (f) isthe power spectral density of the jamming waveform, and has the property
Jojd)d =P, (19)

where P; isthe jammer power. If M jammers are present at angles (ejm,q)jm) with power
spectra @j;, , then Equation (18) is generalized to

EO z) 2) :To_];df q>ss(f)mz“i‘,lcp”m(f)\H(f,ejm,q)jm)\2. (20)

Finally, the expected thermal noise power at the crosscorrelator output is

2 T 2
EU Z| ):Tojdf D () Do (F)[He (F)| (21)
where @ (f) isthe power spectrum of the thermal noise,
2
2 2N .
He (F) " =[Hg (F) 21 ZanleD(—IZN(Q—QQ)fT) , (22)
n=1|qg=

and we have assumed that the thermal noise in each channel is statistically independent of
the thermal noisein all other channels.

10



We are now in aposition to calculate several useful performance measures. The jammer-
to-noise ratio at the crosscorrelator output (point D in Figure 1) is

I df q)SS(f)ZCDHm(f)‘H(f’ejm’q)jm)‘
JNR === m=1 ) (23)

Tdf () e (F|He (1)

For well-designed adaptive arrays, one usualy findsJNR < 1, aslongasM < N.

The signal-to-interference (we define interference as jammer residue plus thermal noise)
ratio at point D in Figure 1is

2
AdTo| [df d(F)HIF,05,05)e 2™
SIR = S | (24)
(1+INR) [ df D (F) e (F)|He ()]

For the case when the thermal noise is white (CDEJ& = constant = No), itistraditional in the
GPS community to express results in terms of the carrier-to-noise ratio, which is commonly
denoted by C/Ng, where C = AS . For white noise, we can rewrite Equation (24) in terms of
C/No as

_| &
SIR—(N Lf To. (25)

11



where

2

[df D (F)H(F,05,05)e 27470

C
C No
(Nojeff ( )

Equations (12), (16), (17), and (23) through (26) are some measures of the GPS Anti-Jam
system performance. In the limit when the adaptive processor is absent, and the channels are

perfectly matched, so that H (f,6,0) = HB(f),‘Hg(f)‘z =|Hg(f)|*, Equation (26) reducesto

(L+ JNR)Tdf o (f) [H ()]

the result presented in Equation (6.7) of Section 6.2.2.5 of Reference 17.
4. Spatial Adaptive Processor

It isinteresting to examine our results in the limit when the adaptive processor uses
spatial degrees of freedom only, so there isonly one time tap per antenna (i.e, Q=1). In
order to simplify our results, we also assume that the maximum linear dimension D of the
antenna array is such that tBD/c << 1, where B is the operating bandwidth. This allows us
to approximate exp(i2nfR,/c) by unity in Equation (1). Finally, if we assume that thereis
very little variation of the (analog) antenna-transfer functions H,, with frequency, we can
approximate Hy(f, 6, ¢) by H,(0, 6, ¢), its value at the center of the band. If all of the
assumptions are employed, H(f, 6, ¢) in Equation (1) reducesto

H(f! e! ¢) = HB(f)HA(e! ¢) ) (27)
where
N .
Ha(®,0)= . Hn(o,e,q»wnlexp[M} (28)
n=1

12



Likewise ‘Hé‘z in Equation (22) reduces to
2 2L 2
[He ()] =[Hg () lewnll : (29)
n=

If we now approximate Hg(f) by a brickwall filter of bandwidth B, and substitute
Equation (27) into Equation (16), we find

B/2 2

Idf q)ss(f ) e—l 21'CfA‘CO
-B/2

Prax = (AOTO)2|HA(93’¢S)|2 (30)

Because ®(f) isareal, non-negative definite function, it is readily seen that the right-
hand side of Equation (30) achieves its maximum when Atg = 0. Furthermore, if
Equation (27) is substituted into Equation (17), along with Atp = 0, it is evident that

sino
COSOLp

Ay = tan_l( j ~ 0 (64,00), (31)

where ous (6, 05) isthe argument of H, (4,05). We observe that even though the peak of
the crosscorrelation occurs at the correct delay 7 = 1, the adaptive processor may introduce a
carrier-phase error, as given by Equation (31).

Finally, if we use Atp = 0 and substitute Equations (27) and (29) into Equation (26), we
obtain for the signal-to-interference ratio when the noise is white, the result

C
SIR=|— | T,, 32
(NoLf 0 (32)

13



where

C 2B/2
(Nj [Ha(65,05)|" [df @x(f)
),
- .
No e L+ INR)Y wpy ®
n=1

Typicaly, the system bandwidth B is sufficiently large that the integral over dgin the
numerator is very close to unity (see Equation (13)). Furthermore, in awell-designed
adaptive processor, the INR after adaptation is usually less than unity, so (1 + JNR) can
often be approximated by unity. Thus, the result for the SIR becomes quite smple.

5. Summary and Discussions

We have derived results for the output crosscorrelation function, signal-to-interference
ratio, the jammer-to-noise ratio, and the carrier-phase and code-delay errors at the output
(point D in Figure 1) of the crosscorrelator, in the code-tracking loop of an adaptive GPS
receiver, for the case when the inter-element spacings are sufficiently large that mutual
coupling between the antennas in the array can be neglected.

It would be desirable if one did not need to numerically calculate the value Atg at which
[E(Z4(%))| achievesits maximum. We have studied this point, and found [19] that if one
uses a constrained algorithm (such as constrained, minimum variance, where the array is
constrained to point areceive beam in the direction of the GPS satellite) thereis very little
error in the code delay, so that one can use the approximation Atg = 0 in Equations (24) and
(26). However, when an unconstrained algorithm (e.g., Smply minimizing the output power)
is used to calculate the adaptive weights, one finds that the location of the maximum of
[E[Z4(7)]| is often displaced from the correct value (% =1, or At = 0), so that using the
approximation At = 0 in Equations (24) or (26) underestimates the SIR, because the peak
value of |E(Z;)| has shifted away from T=1.

14



A MATLAB code has been developed to calculate all of the performance measures
presented here for GNSS PN (pseudonoise) codes, such as C/A, P(Y) and the BOC (binary
offset carrier) codes such as M-Code and Galileo [17]. Theresults are applicable to any
number of jammers, each with an arbitrary power spectral density. However, because the
results are jammer/GPS satellite scenario dependent, it is not instructive to present them here.
That is, one obtains different answers for each set of jammer locations and power spectra and
measured set of antenna/RF hardware/channel mismatch transfer functions Hy(f , 6, ¢), so it
isdifficult to state any general conclusions.
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